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We explore the cosmic evolution of a scalar field which is identified with the four dimensional
spacetime volume. Given a specific form for the Lagrangian of the scalar field, a new holographic
dark energy model is present. The energy density of dark energy is reversely proportional to the
square of the radius of the cosmic null hypersurface which is present as a new infrared cutoff for
the Universe. We find this holographic dark energy belongs to the phantom dark energy for some
appropriate parameters in order to interpret the current acceleration of the Universe.
PACS numbers: 98.80.Cq, 98.65.Dx
I. INTRODUCTION
Scalar fields are of great importance in both physics
and cosmology. In physics, scalar fields are present in
Jordan-Brans-Dicke theory as Jordan-Brans-Dicke scalar
[1]; in Kaluza-Klein compactification theory as the ra-
dion [2], in the Standard Model of particle physics as the
Higgs boson [3], in the low-energy limit of the superstring
theory as the dilaton [4] or tachyon [5] and so on. In cos-
mology, scalar fields are investigated as the inflaton [6]
to drive the inflation of the early Universe and currently
as the quintessence [7–9] or phantom [10] to drive the
acceleration the Universe.
When the canonical scalar field φ is minimally cou-
pled to the gravitation, it has the Lagrangian density as
follows
L =
√−g
[
1
2
∇µφ∇µφ+ V (φ)
]
, (1)
where V (φ) is the scalar potential. The scalar field may
originate from the extra space dimensions, for example,
in Kaluza-Klein compactification theory as the radion [2],
in the low-energy limit of the superstring theory as the
dilaton [4] or tachyon [5].
Now we want to know whether we can construct the
scalar field from the four dimensional spacetime geome-
try. In General Relativity, the dynamical variable is the
metric tensor gµν from which we can construct the Ricci
scalar R, the four dimensional volume,
V =
∫
d4x
√−g , (2)
and various scalar quantities (for example, R2, RµνR
µν ,
RµνδλR
µνδλ and so on).
However, among the vast scalars, it is uniquely the four
dimensional volume that has no derivatives with respect
to the spacetime coordinates. So in order to obtain an
equation of motion up to the second order of derivatives,
if and only if we assume the scalar field φ is the function
of four dimensional spacetime volume
φ = φ (V) . (3)
For simplicity, we identify φ with the four dimensional
volume,
φ ≡ V . (4)
We define the kinetic term of the scalar field as U :
U ≡ −1
2
∇µφ∇µφ . (5)
In the following, we shall explore the Lagrangian density
as follows
L = K (U)
√−g , (6)
with K an arbitrary function of U . It is similar to the
pure K-essence theory [11].
Now the total action in the presence of other matter
sources is given by
S =
∫
d4x
√−g
[
R
16pi
+K (U)
]
+ Sm . (7)
In the next, we will investigate the cosmic evolution of
this scalar field in the presence of other matter sources
which include matter (baryon matter and dark matter)
and radiation. We find the scalar field behaves as a
holographic dark energy [12–18] for the specific form of
K(U) ∝ 3
√
1/U .
The paper is organized as follows. In section II,
we shall calculate the four dimensional spacetime vol-
ume of the Friedmann-Robertson-Walker (FRW) Uni-
verse. To this end, we rewrite the FRW metric from
the homogenous and isotropic coordinate system to the
Schwarzschild coordinate system. This is motivated by
Faraoni’s recent paper [19] where the dynamics of par-
ticle, event, and apparent horizons of FRW Universe
is studied. In section III, we construct the Lagrangian
K(U) for the holographic dark energy. In section IV, we
investigate the cosmic evolution of the scalar field and
find it is a phantom dark energy for some appropriate
parameters in order to interpret the current acceleration
of the Universe. Section V gives the conclusion and dis-
cussion.
2II. FOUR DIMENSIONAL VOLUME
In this section, let’s calculate the four dimensional
spacetime volume of our Universe. We mainly fol-
low Faraoni’s recent paper [19]. Consider spatially flat
Friedmann-Robertson-Walker (FRW) Universe which
has the metric
ds2 = −dt2 + a2 (dr2 + r2dΩ2) , (8)
where a(t) is the scale factor. The coordinate system
(t, r, θ, ϕ) is named after homogenous and isotropic co-
ordinate system. In order to calculate the four dimen-
sional volume, we had better rewrite the metric in the
Schwarzschild coordinate system. Therefore, we intro-
duce the physical space variable r¯ by
r¯ ≡ a (t) r . (9)
Then the metric becomes
ds2 = − (1−H2r¯2) dt2 − 2Hr¯dtdr¯ + dr¯2 + r¯2dΩ2 ,(10)
where
H ≡ 1
a
da
dt
, (11)
is the Hubble parameter. The coordinate system of
(t, r¯, θ, ϕ) is not orthogonal. We can eliminate the co-
efficient of dtdr¯ by introducing a new time coordinate,
T . The form of Eq. (10) suggests we set
dT =
1
F (t, r¯)
[
dt+
r¯H
1−H2r¯2 dr¯
]
, (12)
where F (t, r¯) is a perfect differential factor and it always
exists. F (t, r¯) solves the equation
∂
∂r¯
(
1
F (t, r¯)
)
=
∂
∂t
[
r¯H
F (1−H2r¯2)
]
. (13)
Then the metric Eq. (10) can be written as
ds2 = − (1−H2r¯2)F 2dT 2 + 1
1−H2r¯2 dr¯
2 + r¯2dΩ2 ,
(14)
where H and F become now the functions of variables
T and r¯. This is the FRW metric in the Schwarzschild
coordinate system. For de Sitter Universe, we have a =
eHt with H a constant. Then Eq. (12) or Eq. (13) tell us
we may put F = 1 and Eq. (14) reduces exactly to the
well-known form:
ds2 = − (1−H2r¯2) dT 2 + 1
1−H2r¯2 dr¯
2 + r¯2dΩ2 . (15)
For FRW Universe, H and F are the functions of vari-
ables T and r¯. It is apparent the Universe is isotropic but
not homogeneous in the Schwarzschild coordinate sys-
tem. From Eq. (14) we see there exists a horizon with
the physical radius
r¯H = H
−1 , (16)
at which g00 = 0 and g11 = ∞. It is usually called the
Hubble horizon or dynamical apparent horizon [21]. The
Hubble-redshift relation is given by
v = Hr¯ , (17)
where v can be interpreted as the receding velocity of
galaxies or cluster of galaxies. Substituting Eq. (17) into
Eq. (14), we obtain
ds2 = − (1− v2)F 2dT 2 + 1
1− v2 dr¯
2 + r¯2dΩ2 . (18)
So the receding velocity v approaches the speed of light
on the Hubble horizon r¯H = H
−1. But we find in the
next the Hubble horizon is actually not a null hyper-
surface because it does not obey the equation for a null
hypersurface.
To show this point, we solve the equation of null hy-
persurface
f (xµ) = 0 . (19)
Taking into account the spherically symmetric property
of the Universe, the null hypersurface should have the
form
f (T, r¯) = 0 , (20)
which is determined by the definition
gµν
∂f
∂xµ
∂f
∂xν
= 0 . (21)
Eq. (21) can be rewritten as follows
− (1−H2r¯2)−1 F−2 ∂f
∂T
∂f
∂T
+
(
1−H2r¯2) ∂f
∂r¯
∂f
∂r¯
= 0 .
(22)
From Eq. (20) we obtain
r¯N = r¯N (T ) , (23)
where r¯N represents the physical radius of the null hyper-
surface. Substituting Eq. (23) into Eq. (22), we obtain
the equation for the null hypersurface
∂r¯N
∂T
= F
(
1−H2r¯2N
)
. (24)
Turn to the cosmic time t, we arrive at (from Eq. (10))
∂r¯N
∂t
= 1−Hr¯N . (25)
Taking account of H as the function of cosmic time t, we
recognize that above equation describes the evolution of
3physical radius r¯N of the null hypersurface with cosmic
time t. We note that this null hypersurface is different
from the particle horizon [20]
rP = a (t)
∫ t
0
1
a (t)
dt , (26)
the event horizon [20]
rE = a (t)
∫ ∞
t
1
a (t)
dt , (27)
and the apparent horizon [21] (for spatially flat Universe)
rA =
1
H
. (28)
The difference comes from the fact r¯N is defined in not
the isotropic and homogenous coordinate system, but the
Schwarzschild coordinate system. We focus on the four
dimensional volume within the null hypersurface r¯N :
φ =
∫
d4x
√−g =
∫
4pir¯2dr¯dt
=
∫ r¯N
0
dr¯
∫ t
0
dt · 4pir¯2 =
∫ t
0
4
3
pir¯3Ndt . (29)
In particular, for de Sitter space (Eq. 15), we have
r¯N = rE = rA =
1
H
, (30)
and
φ =
4
3
piH−3t . (31)
III. HOLOGRAPHIC DARK ENERGY
In section II, we derived the four dimensional volume
for the Universe. In this section, we shall derive the La-
grangian density of holographic dark energy using the
four dimensional volume. According to the holographic
dark energy model, the density of dark energy should in-
versely proportional to the square of some horizon, for
example, the event horizon [12], the particle horizon [18],
the four dimensional Ricci radius [16], the three dimen-
sional Ricci radius [17] and so on. In the next, lets’s
investigate the case for the null hypersurface. Then the
density of dark energy is given by
ρ¯ =
α
r¯2N
, (32)
where α is a positive constant. Since r¯N is different from
rP , rE and rA, it turns out to be a new infrared cutoff
for the Universe. It is easy to find the kinetic energy U
from Eq. (5)
U ≡ −1
2
∇µφ∇µφ = 8
9
pi2r¯6N . (33)
The pressure derived from the Lagrangian Eq. (6) is given
by
p¯ =
1
8pi
· 1
6a2
· ∂L
∂a
=
1
8pi
· 1
6a2
· ∂
(
Ka3
)
∂a
. (34)
On the other hand, the energy-momentum conservation
equation,
p¯ = −ρ¯− 1
3
∂ρ¯
∂ ln a
, (35)
can be rewritten as
− ρ¯− 1
3
∂ρ¯
∂ ln a
=
1
8pi
· 1
6a2
· ∂
(
Ka3
)
∂a
. (36)
Substituting Eq. (32) into above equation, we obtain
K (U) =
3
√
β
U
, (37)
with
β ≡ −32
3
9
α3pi5 . (38)
So the Lagrangian density for the holographic dark en-
ergy is
L =
3
√
β
U
· √−g . (39)
The reason for 3
√
1/U could also be understood from the
dimensional analysis. Eq. (2) and Eq. (3) tell us the
dimension of φ is l4. So the dimension of U (Eq. (33)) is
l6. We conclude the dimension of 3
√
1/U is l−2 which is
the same as Ricci scalar. β is present as a dimensionless
constant.
IV. COSMIC EVOLUTION
In this section, we investigate the cosmic evolution of
this dark energy proposal in detail. We model all other
matter sources present in the Universe as the perfect flu-
ids. These matter sources can be baryon matter, dark
matter and relativistic matter and so on. We assume
there is no interaction between the scalar field and other
matter fields. Then the Friedmann equation is given by
3H2 = 8pi
(
ρ+
α
r¯2N
)
. (40)
r¯N is determined by
H
∂r¯N
∂ ln a
= 1−Hr¯N . (41)
4For the present-day Universe, we have
3H2
0
= 8piρ0 , (42)
where H0 and ρ0 are the present-day Hubble parame-
ter and the present-day total energy density. Divided
Eq. (40) by Eq. (42) and put
h =
H
H0
, Ωm0 =
ρm0
ρ0
, Ωr0 =
ρr0
ρ0
,
η =
8pi
3
α , u = H0r¯N , (43)
where Ωm0 and Ωr0 are the relative density of the dark
matter and the radiation, respectively. The main equa-
tions are reduced to
h2 =
Ωm0
a3
+
Ωr0
a4
+
η
u2
,
h
∂u
∂ ln a
= 1− hu . (44)
Let
x ≡ ln a . (45)
We obtain
h2 = Ωm0e
−3x +Ωr0e
−4x +
η
u2
,
h
∂u
∂x
= 1− hu . (46)
It is hard to solve these differential equations analyt-
ically. Let’s set up an autonomous system to study the
evolution of the Universe. Following Ref. [22], we intro-
duce the following dimensionless quantities
X ≡
√
Ωm0 · e
−3x/2
h
, Y ≡
√
Ωr0 · e
−2x
h
. (47)
ThenX2 and Y 2 represent the density parameters for the
matter and radiation, respectively. The main equations
can be written in the following autonomous form
dX
dx
= −3
2
X − 1
2
X
[−3X2 − 4Y 2 − 2 (1−X2 − Y 2)
·
(√
1−X2 − Y 2√
η
− 1
)]
, (48)
dY
dx
= −2Y − 1
2
Y
[−3X2 − 4Y 2 − 2 (1−X2 − Y 2)
·
(√
1−X2 − Y 2√
η
− 1
)]
, (49)
together with a constraint equation
X2 + Y 2 +Ωφ = 1 . (50)
Here Ωφ stands for the density parameter of holographic
dark energy. The equation of state w of dark energy is
found to be
w = −1 + 2
3
·
(√
1−X2 − Y 2√
η
− 1
)
. (51)
0
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FIG. 1: The phase plane for η = 0.9. The point (X = 0, Y =
0) corresponds to the dark energy dominated epoch. It is
stable and thus an attractor. The point (X = 0, Y = 1)
corresponds to the radiation dominated epoch at which the
dark energy has the equation of state −5/3. The point (X =
1, Y = 0) corresponds to the matter dominated epoch at
which the dark energy has also the equation of state −5/3.
These trajectories show that the Universe always evolves from
the radiation dominated epoch to the dark energy dominated
epoch.
The deceleration parameter q of the Universe is given by
q = −1− 1
2
[−3X2 − 4Y 2 − 2 (1−X2 − Y 2)
·
(√
1−X2 − Y 2√
η
− 1
)]
. (52)
In TABLE I, we present the properties of the critical
points for different values of η. The points (a1, a2, a3)
correspond to the dark energy dominated epoch and the
point (a3) are stable. In this epoch, the equation of state
for dark energy is − 5
3
+ 2
3
√
η . The point (b) corresponds
to the matter dominated epoch and it is a saddle point.
The point (c) corresponds to the radiation dominated
epoch and it is an unstable node. In both epoches, the
equation of state for dark energy is − 5
3
. Point (d) and
point (e) correspond to the track solution that the dark
energy tracks the background energy sources (matter and
radiation).
The present-day matter density parameter Ωm0 and
radiation density parameter Ωr0 have been obtained by
Komatsu et al. [23] from a combination of baryon acous-
tic oscillation, type Ia supernovae and WMAP5 data at
a 95% confidence limit, Ωm0 = 0.25 and Ωr0 = 8.1 ·10−5.
So in the following discussions, we will adopt these val-
ues.
In Fig. 1, we plot the phase portraits for η = 0.9 with
vast initial conditions. For η = 0.9, we have three crit-
ical points, namely, point (0, 0), (0, 1) and (1, 0). The
point (0, 0) corresponds to the dark energy dominated
epoch and the circled arc (X2 + Y 2 = 1) corresponds to
5Name X Y Existence Stability Ωφ w
(a1) 0 0 0 < η < 1
9
Unstable node 1 − 5
3
+ 2
3
√
η
(a2) 0 0 1
9
< η < 4
25
Saddle point 1 − 5
3
+ 2
3
√
η
(a3) 0 0 4
25
< η Stable node 1 − 5
3
+ 2
3
√
η
(b) 1 0 η > 0 Saddle point 0 − 5
3
(c) 0 1 η > 0 Unstable node 0 − 5
3
(d) 0
√
1− 9η 0 < η < 1
9
Saddle point 9η 1
3
(e)
√
4−25η
2
0 0 < η < 4
25
Stable node 25
4
η 0
TABLE I: The properties of the critical points for the autonomous system.
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FIG. 2: The evolution of density fractions for radiation (Y 2)
(circled line), matter (X2) (solid line) and dark energy (Ωφ)
(crossed line), for the value η = 0.9.
the matter and radiation co-dominated epoch. The point
(0, 0) is stable and thus an attractor. The point (1, 0)
is the matter dominated epoch and it is a saddle point.
The point (0, 1) is the radiation dominated epoch and
it is unstable. Since this point is unstable, we conclude
that the Universe always evolves from the radiation dom-
inated epoch to the dark energy dominated epoch shown
by the portrait.
In Fig. 2, we plot the evolution of density fractions for
radiation, matter and holographic dark energy, for the
parameter η = 0.9. The solid line represents the density
fraction of the matter. The circled line and crossed line
represent the density fraction for the radiation and dark
energy, respectively.
In Fig. 3, we plot the evolution of the dimensionless
energy density η/u2 of holographic dark energy with red-
shift. Since the density of dark energy approaching zero
at redshifts greater than 1.6, this shows that dark energy
should not play a key role in the history of structure
formation. Also, the coincidence problem [24] is greatly
relaxed because the scalar field emerges very recently.
In Fig. 4, we plot the equation of state w for dark
energy. Since the equation of state is always smaller than
−1, the dark energy belongs to the phantom dark energy
0
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z
FIG. 3: The evolution of the dimensionless energy density
η/u2 of holographic dark energy with redshift. The energy
density of dark energy approaches zero at redshifts greater
than 1.6.
models. For the present universe, the equation of state
is −1.1. This is consistent with observations [23].
In Fig. 5, we plot the deceleration parameter q for the
Universe. Fig. 5 tells us the Universe speeds up around
redshift zT = 0.86 which is not inconsistent with astro-
nomical observations.
V. CONCLUSION AND DISCUSSION
Scalar fields may originate from the extra space di-
mensions, for example, in Kaluza-Klein compactification
theory as the radion [2], in the low-energy limit of the
superstring theory as the dilaton [4] or tachyon [5]. In
this paper, we propose the scalar field originates from the
four dimensional spacetime geometry. In order that the
theory leads to the second order differential equations,
one should let φ be the function of the four dimensional
volume. For simplicity, we identify φ with the four di-
mensional volume. Motivated by Faraoni’s work [19], we
rewrite the FRW metric in the Schwarzschild coordinate
system and then calculate the four dimensional volume.
For the specific form of Lagrangian∝ 1/ 3
√
U , the model
6–1.7
–1.6
–1.5
–1.4
–1.3
–1.2
–1.1
–1
–0.9
w
0 2 4 6 8 10 12 14z
FIG. 4: The equation of the state of the dark energy. Since
the equation of state is always smaller than −1, it belongs to
the phantom dark energy models. The present-day equation
of state is −1.1 which is consistent with observations.
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Transation Redshift
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z
FIG. 5: The deceleration parameter q with the redshift. The
Universe speeds up around redshift zT = 0.86 which is not
inconsistent with astronomical observations.
gives the holographic dark energy where the density of
dark energy is inversely proportional to the square of the
radius of null hypersurface. We note that this null hy-
persurface is different from the Hubble horizon, the event
horizon, the particle horizon and the apparent horizon.
In order to interpret the current acceleration of the Uni-
verse, this holographic dark energy belongs to the phan-
tom dark energy.
Is this holographic dark energy consistent with the so-
lar system tests on General Relativity? The answer is
yes. The reason could be understood as follows. The
gravitational field in the solar system can be very well
described by the Schwarzschild solution
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2 ,(53)
where M is the mass of the Sun. The four dimensional
volume of the spacetime is
V =
∫
d4x
√−g =
∫ L∞
0
4pir2dr
∫ t
0
dt =
32
3
piL3∞t . (54)
Here L∞ stands for the maximum scale in the Universe
which can be taken as the Universe scale L∞ = r¯N . Then
the Lagrangian (Eq. (39)) becomes
L ∝ √−g · 1
r¯2N
. (55)
We know from the dimensional analysis that the Ricci
scalar R ≃ L−2 with L some scale within the solar sys-
tem. It is apparent that
1
r¯2N
≪ 1
L2
, (56)
in the solar system. So the Lagrangian (Eq. (55)) can be
safely neglected compared to the Einstein-Hilbert action.
In other words, the gravitational field in the solar system
can be very well described by the Schwarzschild solution.
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